Abstract. Let (A, m) be a Noetherian local ring and M a finitely generated A-module. The notion of pseudo Buchsbaum module was introduced in [3] as an extension of that of Buchsbaum module. In this paper, we give a condition for the idealization A⋉M of M over A to be pseudo Buchsbaum.
Introduction
Throughout this paper, let (A, m) be a Noetherian local ring and M a finitely generated A-module with dim M = d. The concept of principle of idealization was introduced by M. Nagata [10] . We make the Cartesian product A × M become a commutative ring under the componentwise addition and the multiplication defined by (a, x)(b, y) = (ab, ay + bx). This ring is called the idealization of M over A and denoted by A⋉M. Note that the idealization A⋉M is again a Noetherian local ring with the unique maximal ideal m × M . The Krull dimension of A⋉M equals dim A.
The notion of principle of idealization plays an important role in the study of Noetherian rings and modules. For example, Reiten [11] used the principle of idealization to show that any Noetherian local ring possessing a Gorenstein module of rank 1 is a homomorphic image of a Gorenstein local ring. Then, Aoyama [1] studied the condition for the idealization to be quasi-Gorenstein and used this for the first step of the proof that any localization of the canonical module K A of A at p ∈ Supp A K A is the canonical module of the local ring. In [13] , K. Yamagishi clarified the condition for the idealization of Buchsbaum rings and modules to be Buchsbaum. Recently, Cuong-Morales-Nhan [6] used successively the notion of idealization in order to answer an open question by on the polynomial property of the length of fractions.
The class of pseudo Buchsbaum modules was introduced by N. T. Cuong and the first author in [3] , which contains strictly all Buchsbaum modules. The structure of pseudo Buchsbaum modules are known by the works of CuongLoan [3] , [4] , in which they presented many properties of these modules which are still good and closely related to that of Buchsbaum modules. Especially, if the ring A admits a dualizing complex then M is pseudo Buchsbaum if and only if the unmixed part M/U M (0) is Buchsbaum. Here U M (0) is the largest submodule of M of dimension strictly less than d. The study of pseudo Buchsbaumness for Noetherian local rings is also very important because of the fact that the Monomial Conjecture raised by M. Hochster [9] is valid for all pseudo Buchsbaum rings.
In this paper, we study the pseudo Buchsbaumness for the idealization of finitely generated modules over a pseudo Buchsbaum ring. The following theorem is the main result of this paper.
Main Theorem. Let A be a pseudo Buchsbaum ring and M be an A-module with dim M = dim A. Then the following statements are true.
(i) If A⋉M is pseudo Buchsbaum and Ann R M = 0, then M is pseudo Buchsbaum.
(ii) If M is pseudo Buchsbaum with
for every system of parameters a = (a 1 , . . . , a d ) of A and all large integers t, then A⋉M is pseudo Buchsbaum.
In the next section, we recall some properties of pseudo Buchsbaum modules. The proof of Main Theorem will be shown in Section 3.
Preliminaries
In this section, we recall the notion of pseudo Buchsbaum modules and present some known properties of these modules that we need in the sequel.
Let a = (a 1 , . . . , a d ) be a system of parameters (s.o.p. for short) of M . Set
where e(a; M ) is the multiplicity of M with respect to a. Then J M (a(n)) can be considered as a function in n. Note that this function is non-negative ([5, Lemma 3.1]) and ascending, i.e.,
. Sharp and Hamieh [12] asked that if the length of generalized fraction 1/(a n1 1 , . . . , a
is a polynomial for n ≫ 0, or equivalently, if the function J M (a(n)) is a polynomial for n ≫ 0. Unfortunately, Cuong-Morales-Nhan [6] gave a counterexample to show that, in general J M (a(n)) is not a polynomial for n ≫ 0. However, we have the following important result, cf. [5, Theorem 3.2].
Lemma 2.1. J M (a(n)) is bounded from above by polynomials and the least degree of all polynomials bounding above this function is independent of the choice of the s.o.p. a of M.
Following Cuong-Minh [5] , this least degree is denoted by pf (M ). The notions of pseudo Cohen-Macaulay module and pseudo Buchsbaum module were introduced by Cuong-Nhan [7] and Cuong-Loan [3] respectively. From now on, we stipulate that the degree of the zero-polynomial is −∞.
It should be mentioned that every Cohen-Macaulay (resp. Buchsbaum) module is pseudo Cohen-Macaulay (resp. pseudo Buchsbaum). The converse statement is not true. However, the following results, proved in [7] and [3] , showed that the pseudo Cohen-Macaulayness (resp. pseudo Buchsbaumness) are closely related to the Cohen-Macaulayness (resp. Buchsbaumness). 
From now on, denote by
Note that pf (M ) = pf ( M ), cf. [5] . Hence M is pseudo Cohen-Macaulay if and only if so is M . Therefore we get by Lemma 2.3 that M is pseudo CohenMacaulay if and only if M is Cohen-Macaulay. The similar result for pseudo Buchsbaumness is also true, although its proof is much more complex (see [3] 
The Monomial Conjecture raised by M. Hochster [9] says that for every
A for all positive integers t. It is well known that the Monomial Conjecture is always true for all Buchsbaum rings. The following result, which is proved in [3] , claims that Monomial Conjecture is still valid for all pseudo Buchsbaum rings. Proposition 2.5. If A is a pseudo Buchsbaum ring, then A satisfies the Monomial Conjecture.
Proof of Main Theorem
Firstly we recall the notion of principle of idealizations introduced by Nagata in [10] . We make the Cartesian product A × M into a commutative ring with respect to the componentwise addition and the multiplication defined by (a, x)(b, y) = (ab, ay + bx). We call this ring to be the idealization of M over A and denote it by A⋉M. The idealization A⋉M is a Noetherian local ring with the identity (1, 0), its unique maximal ideal is m × M, and its Krull dimension is dim A.
Remark 3.1. There is a canonical projection ρ : A⋉M → A defined by ρ((a, x)) = a and a canonical inclusion σ : A → A⋉M defined by σ(a) = (a, 0). These maps are local homomorphisms and we can regard any A-module (resp. A⋉M -module) as an A⋉M -module (resp. A-module) by ρ (resp. σ). Moreover, the structure of A-modules induced by the composition ρσ coincides with the original one. Let ǫ : M → A⋉M be the canonical inclusion defined by ǫ(x) = (0, x). Then we have an exact sequence of A⋉M -modules
From now on, we assume that dim M = dim A = d. Proof. Since dim M = dim A, the result is clear by the above exact sequence. 
where ρ ′ and ǫ ′ are induced by ρ and ǫ, respectively.
Proof. We can check that ρ(Q A⋉M (s)) ⊆ Q A (a) and ǫ(Q A (a)) ⊆ Q A⋉M (s). Now the result follows.
for all large integers t (t ≫ 0 for short). Then
Proof. Let (0, m) ∈ 0 × Q M (a). Since m ∈ Q M (a), there exists some integer t > 0 such that ma
for all integers t ≫ 0. Therefore there exist (
It follows that a 
Combining these facts, we get ma
and the result follows. a 1 , 0), . . . , (a d , 0) ) is a s.o.p. of B. Therefore, we have by Lemma 3.3 an exact sequence of B-modules
For any element (r, m) ∈ B and any integer t > 0, we have
Then we get
Hence ǫ ′ is injective and hence
We have e(s; B) = e(a; M )+e(a; A) by Lemma 3.2. So, J M (a) = J B (s)−J A (a). As A and B are pseudo Buchsbaum, so is M .
(ii) Let s = ((a 1 , x 1 
